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Channel interconversion (classical)

 Shannon theory: Given two channels Wy_y(y|x) and Vx_y (v|x), how well can one
channel simulate the other one?

»i1EM

> Vioy(ylx) >

> Shared randomness protocols: V,, y_y (¥|x) == Y5 p(s) X; Es(ilx)W (x|y) D (yli)

e Simpler tasks: Channel coding V = id & channel simulation W = id



Interconversion capacity

Reverse Shannon theorem [Bennett et al. 02]: Optimal asymptotic rate with shared
randomness assistance

Cor(W = V) =252 with C(W) = sup I(X:Y)y(py mutual information

c(V) P

- Reversibility (!)

One-shot problem: Wy_y (y|x) to Vx_y(y|x) via shared randomness-assisted synthesized

Vy xoy %) = Xsp(s) X; Es(i1x)W (x|y)Ds (yli) in, e.g., purified distance A(:,") as

AW o V) i= inf sup A (Vo C 1), Vo (- 1)

> Largest rate r, with Ag. (W™ = VX ) - 0 in limit n - oo defines Cs. (W ~ V)



Higher-order refinements

* Purified distance A(P, Q) = \/1 — F(P, Q) with fidelity F(P, Q) := (Zx\/pqu)z
* Large deviation regime:

* Forr < Ci (W » V) quantify error exponent

1
EXpsr(W - V,r) = lim — —log ASF(WXT — VX(Tn))

n—>00

* Forr = Ci. (W = V) quantify strong converse exponent

1
SCExps, (W » V,r) = lim — —log (1 — Asr(WX" N VX(Tn)))

Nn—o>00
* Small deviation regime: Second-order expansion for fixed € € (0,1) quantify

largest rate 75.(n, €) with Ag (W*™ = VX ) < ¢ in the limit n - oo



Why do we care?

* One-shot problem

bW = V) = inf sup A (Vo (- 1), Vioy C 1)

X
corresponds to (hard) trilinear optimization — but efficiently computable formula (!)

Csr(W = V) — %

- (A) Refined understanding for the structure of the problem?

* Example: Channel coding (W ~ V = id) has second-order expansion [Strassen 62]

r.(n,€) = C(W) + vi% VP - @71 () + o(leen)

with V(W) e-channel dispersion parameter and cumulative distribution function ®(¢)

— (B) Coding at capacity already at small block length?
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Concatenation for achievability?

a) Channel coding W - id at
channel (coding) capacity C(W)

b) Channel simulation id — V' at

: . L1
channel simulation capacity )

- Net rate already first-order tight (!)

Css(W = V) =C(W)/C(V)

* In general, argument not good enough for higher-order refinements ®



Meta converse approach?

N(xjliy)

~y
~y

€

Vioy(ylx) >

* Meta converse relaxation to non-signaling assisted strategies
Aps(W = V) < Ag(W = V)

does here not simplify to a nice linear program (hypothesis testing!) and thus
tightness + asymptotic expansion for W*" i V> are both unclear ®
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Main result for channels W,V and rate r

* Strong converse exponent

n—>0o

1
SCExps;(W = V,7) i= lim ——log (1 = A (W™ > V™))

forr > C,. (W » V) is quantified by the formula

a
SCExp (W » V,r) = sup 2- (r - C,(V)—=C «a (W))
0.5<a<1 a 2a—1

where C, (V) = sup I, (X:Y)y(p) denote the a-channel capacities defined as
Px

. . ;. 1 _
[o(X:Y)g = anYf D, (Qxyll@xRy) with the Rényi D, (Px||Qx) = Elog Y Prqx ®



Easy direction: Converse
lim — llog (1 — Ay (WX > VX(""))) > sup 2 -1_—a(r - Cp(V) — CL(W))
n-ooo M 0.5<a<1 a 2a-1

Relax to non-signaling assisted protocols in fidelity
1 — Asr WX Vx(rn)) <1-— Ans WX Vx(rn)) < FnS(er N Vx(rn))

Use Holder inequality + non-signaling structure to use data processing for Rényi D, as
1
B
Use that a-capacities are additive: C,(V*") = n - C,(V) - rather non-trivial (!)
Question: Why should this bound be tight?!

FnS(WXT — VX(T’TL)) < AR 1__a(r . Ca(Vxn) _ CB(WXT‘)) fori +

a

= 2

— Pointers [Dueck 79] [...] [Mosonyi&Ogawa 17] [Li&Yao 23] [Berta&Yao 24]



Hard direction: Achievability

lim —~log (1 — A (W*" = V*0M)) < sup 2 -“—“(r . C,(V) = C_a (W)

n—oo 0.5<a<1 a 2a-1

Admission: We do get away using channel coding and simulation protocols © ®

- Though we strengthen first-order protocols + learn various technical things
Main proof idea: Problem 2.5.16 in textbook [Csiszar&Korner 81] (!)

Write RHS of conjecture in variational representation based on

Do(PlIQ) = inf {—ﬁD(R P) + D(RIQ)} fora € (0,1)

Bound LHS via purified distance inequality [Li&Yao 24]
—log(l — A(P, Q)) < D(R||P) + D(R]||Q) for any probability distribution R

Roughly: Back again to mutual information sup I(X: Y)W(P) type expressions!
P

)



Achievability (continued)

Back to mutual information sup I(X: Y)W(p) expressions for sought-after achievability
P

Further ingredients:
* Sion minimax festival — to interchange various infima / suprema
 (Classical) de Finetti reductions — to control general inputs

Reduces achievability problem to simple interconversion of arbitrary but fixed

channels Vy_y and Wy _y on fixed inputs Py and Qy, resp.
— but still need strong enough finite block length channel interconversion achievability

Novel contribution built from concatenating coding and simulation protocols:

Needs exponentially small conversion error + needs to tolerate a sublinear gap between
the conversion rates + ...
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Extension to classical-guantum channels

Classical input — quantum output channels Vy_z: x = pj for sub-normalized quantum

states py = 0, normalized to ), Tr[p3] = 1 = Holevo quantity = channel capacity

Main result: Equivalent characterization of strong converse exponent

l—a . .
SCExps (W » V,r) = sup 2- ( C,.(V)=C « (W))
0.5<a<1 a 2a—-1
11—
based on sandwiched D < (pllo) = —log Tr [(a 2a pa 2a ) ] — operational quantity

Note: Entanglement assistance instead of shared randomness needed in our proofs!
Converse: Similar argument as for classical channels

Achievability along [Mosonyi&Ogawa 17]: (i) classical result (ii) variational formulas for
log-Euclidian Rényi divergences (iii) asymptotic spectral pinching (iv) double blocking



Outlook

In our work arXiv:2509.15200 many extensions of strong converse exponent — but fully

guantum channel interconversion remains open

Second-order expansion for channel interconversion: Question about resonances as, e.g.,
in pure state entanglement theory [Kumagai&Hayashi 17]?

- Is it possible for n «< oo that r(n, €)[W » id] < 1, (n, e)|W » V] withV =5 id?

Interconversion in resource theories? Cf., e.g., [Lipka-Bartosik et al. 24] [Berta&Yao 24]

Hiring: PhD position at RWTH Aachen University, co-supervised with Robert Salzmann

RWNTH

- Get in contact at robert.als.salzmann@gmail.com
Chair of

Quantum
Information
Theory




Extra material




Extra question

* For quantum states p, o and € € (0,0.5), we have that

—log (1 — %Ilp—clll) < sup {a-D§ax(wllp) + (1 — a) - Dfax(wll0)} + log(=52)

0<a<1

e Useful for anything?

(Classically yes, for the achievability of the strong converse of channel
interconversion in variational distance.)
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