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Abstract. The Quantum Reverse Shannon Theorem states that any
quantum channel can be simulated by an unlimited amount of shared
entanglement and an amount of classical communication equal to the
channel’s entanglement assisted classical capacity. In this extended ab-
stract, we summarize a new and conceptually simple proof of this the-
orem [journal reference: arXiv.org:quant-ph/0912.3805], which has pre-
viously been proved in [Bennett et al., arXiv.org:quant-ph/0912.5537].
Our proof is based on optimal one-shot Quantum State Merging and the
Post-Selection Technique for quantum channels.

1 Introduction

The birth of classical information theory can be dated to 1948, when Shannon
derived his famous ‘Noisy Channel Coding Theorem’ [23]. It shows that the
capacity C of a classical channel J is given by the maximum, over the input
distributions X, of the input/output mutual information

C = max(H(X) + H(J (X)) - H(X, J (X)) -

Shannon also showed that the capacity does not increase if one allows to use
shared randomness between the sender and the receiver. In 2001 Bennett et
al. [3] proved the so called ‘Classical Reverse Shannon Theorem’ which states
that, given free shared randomness between the sender and the receiver, every
channel can be simulated using an amount of classical communication equal to
the capacity of the channel. This is particularly interesting because it implies
that in the presence of free shared randomness, the capacity of a channel J
to simulate another channel 7 is given by the ratio of their plain capacities
Cr(J,I) = g((‘;)) and hence only a single parameter remains to characterize
classical channels.

In contrast to the classical case, a quantum channel has various distinct ca-
pacities [3, 19, [12, 17, 122, 124]. In |3] Bennett et al. argue that the entanglement
assisted classical capacity Cg of a quantum channel £ is the natural quantum
generalization of the classical capacity of a classical channel. They show that
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the entanglement assisted classical capacity is given by the quantum mutual
information

Cr = max(H(p) + H(E(p)) — H((E ®1d)2,)) ,

where the maximum goes over all input distributions p and @, is a purification
of p. Motivated by this, they conjectured the ‘Quantum Reverse Shannon Theo-
rem (QRST)’ in [3]. Subsequently Bennett, Devetak, Harrow, Shor and Winter
proved the theorem in [2]. The theorem states that any quantum channel can
be simulated by an unlimited amount of shared entanglement and an amount of
classical communication equal to the channel’s entanglement assisted classical
capacity. So if entanglement is for free, we can conclude in complete analogy
with the classical case, that the capacity of a quantum channel £ to simulate
another quantum channel F is given by Cg(€,F) = gg—((gf)) and hence only a
single parameter remains to characterize quantum channels.

Free entanglement in quantum information theory is usually given in the form
of maximally entangled states. But for the Quantum Reverse Shannon Theorem
it surprisingly turned out that maximally entangled states are not the appropri-
ate resource for general input sources. More precisely, if one has only maximally
entangled states as an entanglement resource, even if these are arbitrarily many,
the Quantum Reverse Shannon Theorem cannot be proven [2]. This is because
of an issue known as entanglement spread, which basically comes from the fact
that entanglement cannot be conditionally discarded without either using com-
munication or causing decoherence [11]. If we change the entanglement resource
from maximally entangled states to embezzling states |29] however, the problem
of entanglement spread can be overcome.

Definition 1.1 (Hayden, van Dam [29]). A bipartite state of the form

k
(k) ap = @ g %mm , (1)

where G(k) = Zle %, is called embezzling state of index k (which is the

Schmidt-rank of |u(k))).

These states have the following special feature.

Proposition 1.2 (Hayden, van Dam [29]). Let € > 0 and let |p)ap be a bi-
partite pure (and normalized) state of Schmidt-rank m. Then the transformation

(k) aB — |u(k))as @ |@)an (2)

can be accomplished with ﬁdelz’t better than (1 —¢€) for k > mM€ without any
communication.

' The fidelity between two normalized states p and o is defined as F(p, o) = ||\/pv/7 |1,
where ||| = trvI'I'T is the trace norm.
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In this extended abstract we summarize a conceptually simple proof of the Quan-
tum Reverse Shannon Theorem. It is based on a new one-shot version for ‘Quan-
tum State Merging’ and the ‘Post-Selection Technique’ for quantum channels.
As in [2] we make use of embezzling states.

Quantum State Merging is a well known quantum information processing
primitive [1, 13, |14, [18] and corresponds to the quantum generalization of clas-
sical Slepian and Wolf coding [25]. There are basically two (equivalent) versions
of State Merging, one of them also called the ‘Mother Protocol’ [1]. Let pap be
a bipartite quantum state, where A is with a party Alice and B is with another
party Bob. State Merging answers the question of how much of a given resource
(classical/quantum communication, entanglement) is needed in order to opti-
mally transfer the A-part of pap to Bob (relative to a purifying system R)E
The dual of this, called Quantum State Splitting, addresses the problem of how
much of a given resource (classical/quantum communication, entanglement) is
needed in order to transfer the B’ part of a state pp/p held by Bob, (back) to
Alice (relative to a purifying system R)E

The Post-Selection Technique was introduced in [7] and is a tool to show that
two completely positive and trace preserving (CPTP) maps, that act symmetri-
cally on an n-partite system, are almost equal, in the sense that they are close
in the metric induced by the diamond norm [15]. The diamond norm involves a
maximization over all possible input states. The Post-Selection Technique allows
to drop this maximization. In fact, it suffices to consider a single de Finetti type
input state (i.e. a state which consist of n identical and independent copies of
an (unknown) state on a single subsystem).

Our proof of the Quantum Reverse Shannon Theorem is based on the following
idea. Let £4_,p be a quantum channel that takes inputs ps on Alice’s side
and outputs €4, 5(pa) on Bob’s side. To find a way to simulate this quantum
channel, it is useful to think of £4_.5 as

Eap(pa) =tra(Ua_papaUl_54),

where A’ is an additional register and Ua_. g4’ is some isometry from A to BA'.
This is the Stinespring dilation [2G]. The idea is to first simulate the quantum
channel locally at Alice’s side, giving her opar = UAHBA’pAUI;_,BA/» and in a
second step use State Splitting to do an optimal state transfer of the B-part
to Bob’s side, such that he holds op = £4_.5(pa) in the end. This simulates
the channel £4_, 5. To prove the Quantum Reverse Shannon Theorem, it is then
sufficient to show that the classical communication rate of the State Splitting
protocol is Cg(&).

2 More precisely, State Merging corresponds to the task of obtaining the state pp/gr =
(ida_p’ ® idBr)paBR, Where papr is a purification of pap, R is a reference, and
BB’ is held by Bob.

3 More precisely, State Splitting corresponds to the task of obtaining the state papr =
(idp' 4 ®idBR)pB BR, Where pp/pr is a purification of pg/g, R is a reference, A is
held by Alice and B is held by Bob.
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We realize this idea in two steps. Firstly, we propose a new version of State
Merging/Splitting (since the known protocols are not good enough to achieve
a classical communication rate of Cg). For the analysis we require a ‘Decou-
pling Theorem’, which is optimal in the most general case, the so called one-
shot case |4, 16, 110]. To quantify the resources needed for one-shot State Merg-
ing/Splitting, we make use of the ‘Smooth Rényi Entropy Calculus’ |8, [16, [19,
21, 128]. Secondly, we use the Post-Selection Technique to show that our protocol
for one-shot State Splitting for a particular de Finetti type input state is suf-
ficient to asymptotically simulate the channel £ for a classical communication
rate of C'g for any input. This then completes the proof of the Quantum Reverse
Shannon Theorem.

This extended abstract is structured as follows. In Section 2] we introduce
our notation and give some definitions. In particular, we review the smooth
entropy measures that we need in the following. Our results about one-shot
State Splitting are then discussed in Section Bl Finally, we sketch our proof of
the Quantum Reverse Shannon Theorem in Section [ (journal reference [3]).

2 (Smooth) Entropy Measures — Notation and Definitions

We assume that all Hilbert spaces, in the following denoted H, are finite-
dimensional. We write |A| for the dimension of H 4. The the set of linear, non-
negative operators on H is denoted by P(H). 1 denotes the identity in P(H).
We define the sets of normalized states S—(H) = {p € P(H) : trp = 1} and
subnormalized states S<(H) = {p € P(H) : trp < 1}).

In quantum information theory one usually makes the assumption that the
resources are independent and identically distributed (i.i.d.) and is interested
in asymptotic rates. In this case many operational quantities can be expressed
in terms of a few information measures (which are usually based on the von
Neumann entropy). In order to overcome the asymptotic and i.i.d. assumption,
the Smooth Rényi Entropy Calculus was introduced by Renner et al. [19,120, [21].

Recall the following standard definitions. The von Neumann entropy of p €
S_(H) is defined as H(p) = —tr(plogp). The quantum relative entropy of p €
S<(H) with respect to o € P(H) is given by D(p|lo) = tr(plogp) — tr(plogo).
The conditional von Neumann entropy of A given B for pap € S—(H) is defined
as H(A|B), = —D(pag|1a ® pg). The mutual information between A and B
for pap € S=(H) is given by I(A : B), = D(papl|/pa ® pp). Note that we can
also write

H(A|B), = ~inf D(pap|[14 © op) 3)
I(4: B), = inf D(paslloa © o5) . (4)

where op € S—(Hp).
Following Datta [8] we define the max-relative entropy of p € S<(H) with
respect to o € P(H) as

Diax(pllo) =inf{A e R:2"- 0 > p} . (5)
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The conditional min-entropy |19] of A given B for pap € S<(Hap) is defined as
Hmin(A|B)p = - i(}lgDmax(pAB”]]-A 02y UB) = sup Hmin(A|B)p|U , (6)
oB

where Huin(A|B) |0 = —Dmax(paB||la®0p) and op € S—(Hp). In the special
case where B is trivial, we have Hin (A4), = —log||pa ||OOE The maz-information
that B has about A for pap € S<(Hap) is defined as

ImaX(A : B)p = iangDmaX(pAB”pA & UB) , (7)

where op € S_(Hp). Note that unlike the mutual information, this definition
is not symmetric. The smooth entropy measures are defined by extremizing the
non-smooth measures over a set of nearby states, where our notion of nearby is
expressed in terms of the purified distance. For p, 0 € S<(H) it is defined as |2§]

P(p,a) =V 1 7F(p,0')2 ’ (8)

where F(-,-) denotes the generalized fidelity (which equals the standard fidelity
if at least one of the states is normalized),

F(p,o) = |Vo® (- up)V/o & (1 - uo), = |Vavall + (1 - trp)(1 - tro) .
(9)

The purified distance is a distance measure. Henceforth we call p, o € S<(H)
e-close if P(p,0) < € and denote this by p =~ 0. Miscellaneous properties of the
purified distance are stated in Appendix A of [5]. We use the purified distance
to specify a ball of subnormalized density operators around p € S<(H):

B(p) = {p e S<(H) : P(p,p) < ¢} .

For any € > 0, the smooth conditional min-entropy |19] of A given B for pap €
S<(Hap) is defined as

H3in(A|B), = sup Huin(A|B)g (10)
PaB
where pyp € B(pap). The smooth maz-information that B has about A for
pap € S<(Hap) is defined as
It .« (A:B), = inf I,.(A: B)5, (11)
PaB
where 545 € B(pap). These smooth entropy measures can be seen as general-
izations of their corresponding von Neumann quantities in the sense of Lemmata
B.17 and B.22 in [5], i.e. they asymptotically converge to the conditional von
Neumann entropy and the mutual information resp. In Section Bl we give an
operational meaning to the smooth max-information (see Theorem [3.21and The-

orem [3.3)) A

* |lpalloo denotes the maximal eigenvalue of pa.
® For an operational meaning of the smooth conditional min-entropy see e.g. [4, [19].
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3 Omne-Shot Quantum State Splitting

State Merging, State Splitting and other related quantum information processing
primitives are discussed in detail in [1, [13, 14, [18]. In contrast to the existing
literature, we are not only interested in asymptotic rates, but in a (tight) one-
shot protocol for State Splitting. For more details see [5].

Definition 3.1 (Quantum State Splitting with embezzling states). Con-
sider a system consisting of three parties; Alice, Bob and a reference. Let pacr €
S<(Hacr) be pure, where the reference is denoted by R and Alice has AC. Let
B be an ancilla at Bob’s side of the same size as C. Furthermore let Alice and
Bob share an embezzling state of index k that lives on an additional register AB.
A process is called embezzling State Splitting of pacr with error € if it con-
sists of applying local operations at Alice’s side, local operations at Bob’s side,
sending q qubits from Alice to Bob and outputs a state wapr = par Wwith
papr = (de—p ® idagr)pacr. ¢ is called quantum communication cost and
ep = [logk] is the embezzling cost.

Theorem 3.2. Let pacr = [¥)(¥|acr € S<(Hacr), € >0, € >0 and €’ > 0.
Then there exists an embezzling State Splitting protocol of pacr with a quantum
communication cost of

1 1
g < =I5, (C:R),+1log—+4+loglog|C] (12)
€

—2 max

and an embezzling cost of
1 17
ep > [(log|C| —log ;)1/6 ] (13)

for an error of at most € + /e + |C|~? + /€.

For a proof see Theorem III.2 in [5]. The following theorem shows that this is
optimal up to small additive terms.

Theorem 3.3 (Converse). There does not exist a State Splitting protocol with
error € and a quantum communication cost smaller than

¢= 15 (C:R), . (14)

2 max
For a proof see Theorem II1.9 in [5].

4 The Quantum Reverse Shannon Theorem

We now present our main result; a proof of the Quantum Reverse Shannon
Theorem. Let £4_.p be a quantum channel with

Eap i S(Ha) — S(Hp)

pa— Eap(pa),
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where we want to think of A being at Alice’s side and B being at Bob’s side.
The Quantum Reverse Shannon Theorem states that if we have an embezzling
state (of arbitrary large index) between Alice and Bob, we can asymptotically
simulate £4_.p only using local operations at Alice’s side, local operations at
Bob’s side, and a classical communication rate (from Alice to Bob) of

Cp(€) = mgXI(B : R) e sia)(@) (15)

where @4 is a purification of pAE Using Stinespring’s dilation [26], we can
think of £4_.p as

Eap(pa) =tre(Ua_papalUl_ 54),

where A’ is an additional register with |A’| < |A||B| and Us_, g’ is some isome-
try from A to BA’. The idea of our proof is to first simulate the quantum channel
locally at Alice’s side, giving us opar = UAHBA’PAUI;HBAH and then use em-
bezzling State Splitting to do an optimal state transfer of the B-part to Bob’s
side, such that he holds o5 = £4_,5(pa) in the end. Note that we can replace
the quantum communication in the embezzling State Splitting protocol by twice
as much classical communication since we have free entanglement and can there-
fore use teleportation. Although the free entanglement is given in the form of
embezzling states, maximally entangled states can be created without any (addi-
tional) communication (Proposition[[2]). Because the quantum reverse Shannon
theorem makes an asymptotic statement, we have to make our considerations for
a general n € N. The idea is then to show the existence of a protocol F}_, 5 that
is arbitrarily close to 5%1 g for n — oo, has a classical communication rate of
Cg(€) and works for any input. We do this by using the post-selection technique
(Proposition D.4 in [5]).

Since the post-selection technique only applies to permutation invariant maps,
we need to ensure that the protocol that we want to use for the simulation of
55‘92 p» can be made to act symmetrically on the n-partite input system H%".
This can be done by inserting a symmetrization step, that uses maximally en-
tangled states (cf. Figure [Il). For more details see Section IV of [5].

Let 6 > 0. The way to go is to show the existence of a permutation invariant
F%_ g with the desired properties as discussed above (i.e. it should be local and
have a classical communication rate of Cg(£)) and

1((ES™ 5 — Fi_p) ®idrr ) (Chrr)ll < 0(n+1)~0AF=D  (16)

where (% pp is a purification of (ip = [pGrd(par), par is pure and d(.)
is the measure on the normalized pure states on Hapr induced by the Haar
measure on the unitary group acting on H g, normalized to [ d(.) = 1. Once we
have achieved this it follows from the post-selection technique (Proposition D.4

6 Since all purifications give the same amount of entropy, we do not need to specify
which one we use.
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PA — noo.
> Fap(pa)

embezzling map —> [H><Mlm —> F
J ——> [ ><¢ s —»
(a) (b)

n n n
pp— Fy m>Fislon)

|p(k)><p(k) |8 —> > |u><p|z

Fig. 1. (a) J is the map that embezzles m maximally entangled states |®™)(®™| ;5
out of |u)(p|z5- These maximally entangled states are then used for a symmetrization
step. (b) The whole protocol F4_, 5 (that should simulate £5" ) a priori takes p ®
|) (lag ® |2™)(P™| 45 as an input. But since this input is constant on all registers
except for A, we can think of the map as in (c), namely as a CPTP map F_, g which
only takes the input p’}.

in [5]) that |E$" 5 — F%_gllo < J, and this is what we want to show[] Since
we only need to consider the particular de Finetti type input state (4pp to
show (I6]), we can use the State Splitting protocol of Theorem for (hpp
to construct F7_ 5. A lengthy calculation (see Section IV of [5]) shows, that a
classical communication rate of C'g(€) is sufficient to get (). This concludes
the proof of the Quantum Reverse Shannon Theorem.
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