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Entropy

* Shannon entropy of probability distribution P = {p, },.cx is

HX)p = — Z Dy log py

xeX
» Continuity in variational distance for - ||P — Q||; < € as [1]:

H(X)p — H(X)o| < € -1og(1X] — 1) + hy(€)

with binary entropy h,(e) = —eloge — (1 — €) log(1 — €)
* Extension to conditional entropy H(X|Y)p := H(XY)p — H(Y)p as [2]:
[HX|Y)p — HX[Y) | < €-log(|X] — 1) + hy(€)



Quantum generalizations

* Von Neumann entropy of quantum state p, = 0 is

H(A), = —Tr[pylog p,]
 Continuity in trace distance for% llp — ol < € as[3,4,5]:

|H(A), — H(A)s| < €-log(|A] — 1) + hy(e)
» Extension to conditional entropy H(A|B), := H(AB), — H(B) , as [6,7]:

€
H(AIB), — H(AIB),| < ¢ - loglAl? + (1 + €) - h, (1—+E)

* Not exactly tight anymore, improvements / general perspective [7,8]?



Why would we
care?




Applications in quantum information theory

e Quantum Shannon theory = channel capacities
* Entanglement theory = entanglement cost, squashed entanglement
e Quantum resource theories =2 transformation rates

« Example: Quantum capacity Q (V') of e-degrading quantum channel IV
of Choi rank r bounded as [9,10]

[((V) < Q) < 1(WV) + fe, 1)

* Extra: Continuity of more general quantum information measures



Main result




Meta semi-continuity relation

e Quantum relative entropy is D(p||o) := Tr[p (log p — log g)]

* Main result (simplified): For - ||p — o||; < € and w, we find
D(p||w) — D(o]|w) < € - log(ePmax(Pll®) — 1) + h,(€)

with Dy (p]|w): = loginf {1 € R : p <e’w)

* Generates von Neumann entropy: H(A4), = —D(p4||14)
* Generates conditional entropy: H(A|B), = —D(p4g||14 & pg)



Immediate consequences

D(p||w) — D(a]|w) < € - log(ePmax(Pll®) — 1) + h, (€)

* Von Neumann entropy, parameter f := max{ ||p||w, |||| } as:
[H(A), — H(A),| < € 1og(BIAl — 1) + hy(e)
* Conditional entropy for p,g, 045 With pg = 0p as:
|H(AIB), — H(AIB) | < € - log(|A]* — 1) + hy(e)
versus previous bound € - log|A|? + (1 + €) - h, (L)

1+€
—> exactly tight in every dimension, conjecture [7,8] for case pgz = og!



Integral
representations




Frenkel’s integral form

* Motivated from the classical case [11], one finds [12] (see also [13,14])

0 1 1
D(pllo) =f dy (;'Ey(plla-)_l'ﬁ'Ey (Jllp)>

1
with hockey-stick divergences

E, (pllo) = Trlp — yol,
 Cleverly employ mathematical properties of hockey-stick divergences:
* variational representation
* monotonicity in y
* convexity iny
* triangle inequalities, etc.



Proof sketch




Intuition in Frenkel form

“d “d
D(pllw) = D(allw) = | =L (E,pllw) = Ey(alle)) + | ZE(Ey(allp) ~ Ey(wllo)

1 1

e Exactly tight for: p,z = ®,5 MES, 045 = (1 —€) - Dyp +|A|%_1 - (145 — Pyp)

* Split up both integrals into three intervals each, via M = ePmax(pll®) 5.
[1,(1-e)-M], [(1—-e)-M,M], [M,co]

* Bound all terms separately using properties of hockey-stick divergences,
e.g., forinterval 1 <y < (1 — €) - M we have:

Ey(P”w) = Trlp —yw]; < Trlp — ol + Trlo —yw]; < e+ Ey(“”‘”)



Conclusion & Handover

* Main result: D(p||lw) — D(o||w) < € - log(eDmax(p”“’) — 1) + hy(e)
* For pp = og we get: |[H(A|B), — H(A[B),| < €~ log(JA]? — 1) + h,(€)

* Many applications throughout quantum information theory
* Many questions remain open, e.g., case pg # dp, or for mutual information:

I(A:B), = H(A), + H(B), — H(AB) , even classically!

* Thank you! I am hiring at RWTH Aachen University:
berta@physik.rwth-aachen.de
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