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Resource theory of entanglement

* Free states are given by convex hull of product states

Sa:g = conv{|[PY (Y| @ | Plp: [P)a € Hy, |Pp)p € Hp}
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* Largest set of free operations for transformations p, 5 = w45 are 6-non-
entangling operations (ANE)

NEg(a.p-ar.57) = {A € CPTP(AB > A'B'): Rs(A(04p)) < & Vayup € Su:p)

* Measure global resource robustness R¢(p45) == {s

* Distillable entanglement / entanglement cost under ANE (asymptotic rates)

* Open question: Do we have the reversibility EANE(p) = EANE(p) ?



Asymptotic characterization of entanglement

* Entanglement cost [Brandao & Plenio, CMP 10], [Datta, IEEE 09]
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 Distillable entanglement [Brandao & Plenio, CMP 10]
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« Composite guantum hypothesis testing question —%log L (p®" , S") —



Reduction to hypothesis testing

« Question if EANE(p) = EZNE(p) reduces to composite quantum hypothesis question
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» Converse direction by standard arguments [Brandao & Plenio, CMP 10]
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 [B. et al., arXiv 22] recently found that achievability direction “ = ” remains open

* Needed: Composite hypothesis test that asymptotically achieves regularized relative
entropy of entanglement!



Known proof techniques

|.  via Petz-Rényi divergences
Il. via measured divergence
Ill. via smooth max-relative entropy

V. find counterexamples to conjecture
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|. Universal hypothesis tests via Petz-Rényi
divergences

« Sion minimax + Audenaert inequality for s € (0,1) gives [Audenaert et al., CMP 08]
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for the additive D;(p||o) = S%log Tr(pSo1~5] with lin} Ds(p|lo) = D(p||o)
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- Single-letter: de Finetti, take limits (i) n —» oo (ii) € = 0 (iii) s = 1 in order [B. et al., CMP 21]
« Generally, with information variance V(p||o) := Tr[p(logp — log o — D(p||0))? ) to bound
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- [Brand3o & Plenio, CMP 10] claimed that V(p®*||e™) < 0(27"), but already
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Il. Universal hypothesis tests via measured
divergence

« Measured relative entropy [Donald, CMP 86] with [Brandao et al., IEEE 20]

Du(pllo) = sup D, (M(p)||M(0)) with _inf Dy(pllo) =sup inf Dy, (M(p)||IM(0))
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« (i) measure, (ii) apply classical composite hypothesis result, (iii) use asymptotic achievability of
measured relative entropy for p", ™ permutation invariant [B. et al., CMP 21]

2 Du(pmle™ = D(p™ o™ forn > oo
* Gives pseudo-entanglement theory and pseudo-entanglement in blocks [B. et al., arXiv 22]
« Entanglement theory remains open!

 Alternatively, one has [Brandao et al., IEEE 20]
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1. Universal hypothesis tests via max-relative
entropy

« For ¢ € (0,1) we have [Anshu et al., IMP 19]
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* Previously mentioned asymptotic equipartition property (AEP) for max-relative entropy
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 Similar open problems:
» Quantum channel AEP [Gour & Winter, PRL 19]
= Strong converse channel discrimination & channel capacities [Fang et al., arXiv 21] [Bergh et al.,
arXiv 21]
= Stronger entropy accumulation [Metger et al., arXiv 22]



V. Lami & Regula arXiv:2111.02438

Title: No second law of entanglement manipulation after all

Recall:

= §-non-entangling operations NE5(AB_>AIB/) ={A € CPTP(AB —» A'B’'): RS(A(O'AB)) < 6 Voup € Syp}

= with global resource robustness Rg(pa5) = {s = 0: MB:% € Sap}

Replace Rs(p4p) With resource robustness

PAB t SOypB
1+s

Rs(pap):={s = 0: € Sa.5, 045 € Sa:p} = Rs(PaB)

and correspondingly
NEg(ap—a'p') = {A € CPTP(AB > A'B'): Rs(A(o4p)) < 6 Voug € Syp}

Main result: there exists quantum state p with Eﬁw(p) < E(m(p)



s there a way of making entanglement
theory reversible?

— Becomes composite quantum hypothesis testing question
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with B¢ (p®™,S™) := inf { sup Tr[M,o™]: Tr|(1 — M,)p®"| < &}
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