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Abstract—Quantum state transfer involves two parties who use
pre-shared entanglement and noiseless communication in order
to transfer parts of a quantum state. In this work, we quantify
the communication cost of one-shot state splitting in terms of the
partially smoothed max-information. We then give an analysis of
state splitting in the moderate deviation regime, where the error
in the protocol goes sub-exponentially fast to zero as a function of
the number of i.i.d. copies. The main technical tool we derive is
a tight relation between the partially smoothed max-information
and the hypothesis testing relative entropy, which allows us to
obtain the expansion of the partially smoothed max-information
for i.i.d. states in the moderate deviation regime. This then also
establishes the moderate deviation analysis for other variants of
state transfer such as state merging and source coding.

I. INTRODUCTION AND MOTIVATION

Many fundamental tasks in quantum information theory
can be accomplished using the primitive of transferring a
quantum state from one party to another. The setting we
consider involves two parties who have access to pre-shared
entanglement and one-way communication. At the end of the
primitive, one part of a quantum state must then be transferred
from one party to the other. Note that this scenario covers in
particular state splitting, state merging, and source coding [1].

Employing the convex-split lemma based protocol from [2],
we first show that the communication cost of ε-error one-
shot state splitting can be given in terms of the partially
smoothed max-information. Having understood the one-shot
results, we consider the i.i.d. setting of transferring a state of
the form ρ⊗n in the asymptotic limit n → ∞ and vanishing
error ε → 0. The asymptotic equipartition property of the
smoothed max-information then recovers a communication
cost in terms of the mutual information. While this result
is a useful theoretical bound, practical settings use finitely
many i.i.d. copies of the state. It is therefore beneficial to
also understand the quantitative trade-off between the error
in a state transfer protocol and the communication cost as
a function of the number of copies available. Following [3],
a moderate sequence is defined as a sequence of positive
numbers {an} such that lim

n→∞
an = 0 and lim

n→∞
an
√
n = ∞.

In the moderate deviation regime, the error in the protocol is
chosen to be εn = e−a

2
nn. Our main result shows that the

communication cost in this regime is given in terms of the

mutual information and a correction term that depends on the
mutual information variance with a pre-factor an.

Our state splitting results already cover other settings as
well. In particular, it was shown in [4] that the communication
cost of ε-error one-shot state merging is given by the same
partially smoothed max-information. Our moderate deviation
analysis therefore holds for state merging as well. We also
investigate a special case of state transfer where one of the
registers is trivial and obtain the moderate deviation expansion
for source coding.

II. NOTATION

We use standard quantum information notation and refer the
reader to the references herein for the detailed definitions of
the following quantities.

The exponential and logarithm functions are taken with
respect to an arbitrary base, where the same base is used
to define communication costs. The set of positive semidef-
inite operators with Tr (ρA) ≤ 1 is denoted by S≤(A) and
the set of positive semi-definite operators with unit trace
is denoted by S(A). The purified distance between states
ρ, σ ∈ S≤(H) is given by P (ρ, σ) =

√
1− F̄ (ρ, σ)2, where

F̄ (ρ, σ) is the generalized fidelity defined as F̄ (ρ, σ) =
‖
√
ρ⊕ (1− Tr (ρ))

√
σ ⊕ (1− Tr (σ))‖1 [5]. Note that if ei-

ther ρ or σ have unit trace, then the generalized fidelity is equal
to the standard fidelity F (ρ, σ) = ‖√ρ

√
σ‖1. If P (ρ, σ) ≤ ε,

we denote this by ρ ≈ε σ.
The von Neumann entropy is denoted by S(ρ), the relative

entropy by D(ρ‖σ), and the relative entropy variance by
V (ρ‖σ) [6], [7]. The sandwiched Renyi relative entropy is
denoted by D̃α(ρ‖σ) [8], [9] and the generalized sandwiched
Renyi mutual information is denoted by Ĩα (ρAB‖τA) [10].
The special cases of α that we are interested in this work
are α = 1 to obtain the quantum relative entropy D(ρ‖σ)
and mutual information I(A : B)ρ, α = 1

2 to obtain the min-
relative entropy Dmin(ρ‖σ) and min-information Imin(A;B)ρ,
and α = ∞ to obtain the max-relative entropy Dmax(ρ‖σ)
and max-information Imax(A;B)ρ. One defines smooth en-
tropy measures by extremizing aforementioned quantities
over a set of sub-normalized states in an ε neighbourhood
in terms of the purified distance, denoted by Bε(ρ) [11].
We have the smooth max- and min-relative entropies given
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by Dε
max(ρA‖σA) and Dε

min(ρA‖σA) respectively [12]. The
smoothed max-information is denoted by Iεmax(A;B)ρ [13]
and the partially smoothed max-information is denoted by
Iεmax(Ȧ;B)ρ [4]. The hypothesis testing relative entropy is
denoted by Dε

h(ρ‖σ) [14]. Finally, the information spectrum
relative entropy is denoted by Dε

s(ρ‖σ) and the information
spectrum entropy by H̄ε

s (ρ) [15].

III. ONE-SHOT STATE SPLITTING

In this section, we introduce one-shot quantum state splitting
and the convex-split lemma from [2].

Definition III.1 (One-shot state splitting). Consider a pure
state ρAA1R ∈ S(AA1R), where R denotes a reference system
and Alice holds A and A1. A state splitting protocol starts with
some pre-shared pure state σK′K ∈ S(K ′K), where Alice has
access to K ′ and Bob has access to K. Then, a CPTP map
T = D◦E is applied that consists of a local encoding map E
on Alice’s registers, one round of communication from Alice
to Bob, and a local decoding map D on Bob’s registers. For
ε ∈ [0, 1], we call T a {q, ε}−one-shot quantum state splitting
protocol of ρAA1R when the quantum communication cost is
q and there exists σK′K such that1

(T ⊗ IR) (ρAA1R ⊗ σK′K) ≈ε ρABR, (1)

where ρABR = (IAR ⊗ IA1→B)(ρAA1R) with Bob hold-
ing the B register. The minimal communication cost is
defined as q?ε (ρAA1R) = min{q ∈ N : ∃ {q, ε} −
one-shot state splitting protocol of ρAA1R}.

We show the following characterization.

Theorem III.2. For ε ∈ (0, 1] with δ ∈ (0, ε), the minimal
communication cost of ε-error state splitting protocol of a pure
state ρAA1R ∈ S(AA1R) is bounded as

1

2
Iεmax(Ṙ;A1)ρ ≤ q?ε (ρAA1R) ≤ 1

2
Iε−δmax(Ṙ;A1)ρ + log

1

δ
.

(2)

To prove this result, we start with the convex-split lemma.

Lemma III.3 (Convex-split lemma [2]). For any finite non-
empty set Σ, define the Hilbert space AΣ =

⊗
si∈Σ

Asi , where

all Asi are Hilbert spaces of the same dimension. An extended
state is a state ρAΣ = ρAs1 ⊗ ρAs2 ⊗ ...⊗ ρAs|Σ| ∈ S≤(AΣ).
Now, for I = {1, 2, ... n} consider the Hilbert space BI
and a Hilbert space R. Then, for i ∈ I , let ρBiR ∈
S(BiR) and σBi ∈ S(Bi) and define the extended state

τBIR = 1
n

n∑
i=1

ρBiR ⊗ σBI\i . For δ > 0 and n satisfying

log n ≥ Dmax(ρBiR||σBi ⊗ ρR) + log 1
δ , it holds that

F (τBIR, σBI ⊗ ρR) ≥ 1√
(1 + δ)

. (3)

Next, we show the achievability bound in Theorem III.2.
The following proposition closely follows the ideas in [2],

1Since free entanglement is available, we equivalently have that the classical
communication required is 2q.

with the sole difference that we employ the partially smoothed
max-information instead of the smoothed max-information.

Proposition III.4 (Achievability bound for state splitting). Let
ρAA1R ∈ S(AA1R) be a pure state, where R is inaccessible
and Alice holds registers A,A1. For ε ∈ (0, 1] with δ ∈ (0, ε)
it holds that

q?ε (ρAA1R) ≤ 1

2
Iε−δmax(Ṙ;A1)ρA1R

+ log
1

δ
. (4)

Proof. Let Iε−δmax(Ṙ : A1)ρA1R
= Dmax(ρ′A1R

‖σA1
⊗ ρ′R),

where ρ′A1R
∈ Bε−δ(ρA1R), ρ′R = ρR, and σA1

∈ S(A1). For
I = {1, 2... n}, let σ(K′K)I ∈ S((K ′K)I) be an extended
pure state pre-shared between Alice (K ′i∈I ) and Bob (Ki∈I )
with Ki

∼= A1. The joint state at the start of the protocol is

|ψ〉 = |ρAA1R〉 ⊗ |σ(K′K)I 〉 (5)
≈ε−δ |ρ′AA1R〉 ⊗ |σ(K′K)I 〉 = |ω〉, (6)

where |ρ′AA1R
〉 is the purification of ρ′A1R

on Alice’s regis-
ter A that achieves the minimal purified distance from the
purification |ρAA1R〉 of ρAR. Uhlmann’s theorem guarantees
that such a purification exists. The reduced state of |ω〉 after
tracing over Alice’s registers A,A1 and K ′I is ρ′R ⊗ σKI and
these registers are with Bob and the inaccessible reference
system. By Lemma III.3, we have that for δ ∈ (0, 1] and
n ∈ N satisfying

log n ≥ Dmax(ρ′A1R||σA1
⊗ ρ′R) + log

1

δ2
, (7)

it holds that

F

(
ρ′R ⊗ σKI ,

1

n

n∑
i=1

ρ′RKi ⊗ σKI\i

)
≥ 1√

(1 + δ2)
. (8)

A purification of 1
n

n∑
i=1

ρ′RKi ⊗ σKI\i is

|τ〉 =
1√
n

n∑
i=1

|i〉X ⊗ |ρ′ARKi〉 ⊗ |σ(K′K)I\i〉, (9)

where Alice holds classical register X . If log n satisfies (7),
there exists an isometry U on Alice’s registers such that
F (U(|ω〉), |τ〉) ≥ 1√

1+δ2
and hence P (U(|ω〉), |τ〉) ≤ δ.

Moreover, since ρ′R = ρR, there exists an isometry V on
AA1 such that V |ψ〉 = |ω〉. Both these isometries exist due to
Uhlmann’s theorem. If the joint state was |τ〉, the following
protocol achieves state splitting:

1) Alice measures the X register and sends the outcome
i to Bob. Using superdense coding this has a quantum
communication cost of 1

2 log n.
2) Bob applies swap operations Ki ↔ K1 to obtain
|ρ′ARK1

〉 which we relabel as |ρ′ABR〉 and discards all
other registers.

Let us denote the protocol above by T . Then, since UV |ψ〉 ≈δ
|τ〉 and T (|τ〉) ≈ε−δ ρABR, we can use the triangle inequality
and data processing for the purified distance to conclude
that T (UV |ψ〉) ≈ε ρABR. This ε−error one-shot quantum
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state splitting protocol then has a communication cost of
q?ε (ρAA1R) ≤ 1

2 log n, which concludes the proof.

A converse result for state splitting is now shown follow-
ing [13], but with a tightened bound featuring the partially
smoothed max-information.

Proposition III.5 (Converse bounds for state splitting). Con-
sider a pure state ρAA1R ∈ S(A1R), where R is inaccessible
and Alice holds registers A,A1. The minimal communication
cost of ε−error one-shot state splitting for ρAA1R satisfies

q?ε (ρAA1R) ≥ 1

2
Iεmax(Ṙ;A1)ρ. (10)

Proof. Any state splitting protocol consists of the state
ρAA1R ⊗ σK′K , where A,A1,K

′ are with Alice, R is inac-
cessible and K is with Bob. The state σK′K is some initial
resource state. By the definition of state splitting, we have
a local operation E : AA1K

′ → AQ on Alice’s registers,
a communication cost of q = log |Q| from Alice to Bob
and local operation D : QK → B on Bob’s registers.
Let ωAQKR = (E ⊗ IRK)(ρAA1R ⊗ σK′K) and τABR =
(D ⊗ IAR)(ωAQKR) ≈ε ρABR. Note that τR = ρR and thus

Iεmax(Ṙ;B)ρ ≤ Imax(R;B)τ (11)
≤ Imax(R;QK)ω (12)
≤ Imax(R;K)ω + 2 log |Q| (13)
≤ Imax(R;K)ρ⊗σ + 2 log |Q|, (14)

where we have used the data processing inequality on
the max-information and the non-lockability of the max-
information [16, Corollary A.14]. Since Imax(R;K)ρ⊗σ = 0
as Bob is not correlated with the reference at the start of the
protocol, the result follows.

IV. MODERATE DEVIATION ANALYSIS

We can extend the results of the one-shot protocol of
Section III to recover known results for asymptotic state
splitting of i.i.d. states. By [4, Theorem 2], one can bound
the partially smoothed max-information with the smoothed
max-information. The asymptotic equipartition property of the
smoothed max-information [13, Corollary B.22] then gives
that the minimal communication cost q?ε (ρ⊗nAA1R

) of ε−error
one-shot quantum state splitting for ρ⊗nAA1R

obeys

lim
ε→0

lim
n→∞

q?ε (ρ⊗nAA1R
)

n
=

1

2
I(R : A1)ρ. (15)

In the following, we investigate the minimal communication
cost of one-shot state transfer protocols for i.i.d. states in
the moderate deviation regime. That is, for εn = e−a

2
nn for

some moderate sequence {an}, we look at εn−one-shot state
transfer protocols of ρ⊗nAA1R

and investigate how the minimal
q?εn(ρ⊗nAA1R

) behaves as a function of n. The main idea here
is to obtain an expansion for the partially smoothed max-
information of i.i.d. states (Proposition IV.7). This is done
by bounding the partially smoothed max-information with
the hypothesis testing relative entropy and then using the

expansion of the hypothesis testing relative entropy in the
moderate deviation regime (Proposition IV.6). Our main result
is the following theorem.

Theorem IV.1. The minimal communication cost of εn−error
state splitting of ρ⊗nAA1R

for ρAA1R ∈ S(AA1R) pure and
εn = e−na

2
n for a moderate sequence an is

1

n
q?εn(ρ⊗nAA1R

) =
1

2
I(R : A1)ρ + an

√
V (ρA1R‖ρA1

⊗ ρR)

+ o(an). (16)

The following lemma was already known for the conditional
entropy [5, Remark 5.6]. The tight bounds on the triangle
inequality for the purified distance in that remark are necessary
for us and we clarify when exactly the tighter bounds hold.

Lemma IV.2. For states ρ, σ, τ ∈ S(H) with P (ρ, σ)2 +
P (σ, τ)2 ≤ 1 we have

P (ρ, τ) ≤ P (ρ, σ)F (σ, τ) + P (σ, τ)F (ρ, σ). (17)

Proof. A careful reading of the proof of [14, Proposition
3.16] shows that this tighter triangle inequality holds when
sin−1(P (ρ, σ)) + sin−1(P (σ, τ)) ≤ π/2. We show that this
condition is equivalent to P (ρ, σ)2 + P (σ, τ)2 ≤ 1. By the
monotonicity of the cos(·) function on [0, π], we have

sin−1(P (ρ, σ)) + sin−1(P (σ, τ)) ≤ π

2
(18)

⇐⇒ cos(sin−1(P (ρ, σ)) + sin−1(P (σ, τ))) ≥ cos
(π

2

)
(19)

⇐⇒
√

1− P (ρ, σ)2
√

1− P (σ, τ)2 − P (ρ, σ)P (σ, τ) ≥ 0
(20)

⇐⇒ P (ρ, σ)2 + P (σ, τ)2 ≤ 1, (21)

where the third line follows by using the addition formula for
cosine and using that cos2(θ) = 1− sin2(θ).

Lemma IV.3. For ε, ε′ ∈ [0, 1] with ε2 +ε′2 ≤ 1, the function
ε
√

1− ε′2 + ε′
√

1− ε2 is monotonically increasing in both ε
and ε′.

Proof. From the proof of Lemma IV.2, we have that
sin−1(ε) + sin−1(ε′) ≤ π/2. Since the sin(·) function is
monotone increasing in [0, π/2] and ε

√
1− ε′2 +ε′

√
1− ε2 =

sin(sin−1(ε) + sin−1(ε′)), the result follows.

Lemma IV.4. For ρ ∈ S(H), σ ∈ P(H), and ε, ε′ ∈ [0, 1]
with ε2 + ε′2 ≤ 1 we have that

Dε
min(ρ‖σ) ≤ Dε′

max(ρ‖σ)

− log

(
1−

(
ε
√

1− ε′2 + ε′
√

1− ε2
)2
)
.

(22)
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Proof. Let λ = Dε′

max(ρ‖σ) = Dmax(ρ̃‖σ) for ρ̃ ≈ε′ ρ. It then
holds that ρ̃ ≤ 2λσ. We also have that for some state ρ̄ ≈ε ρ

Dε
min(ρ‖σ) = Dmin(ρ̄‖σ) = − logF (ρ̄, σ)2 (23)

≤ − logF (ρ̄, 2−λρ̃)2 (24)

= λ− logF (ρ̄, ρ̃)2 (25)

≤ Dε′

max(ρ‖σ)− log(1− P (ρ̄, ρ̃)2) (26)

≤ Dε′

max(ρ‖σ)− log

(
1−

(
ε
√

1− ε′2 + ε′
√

1− ε2
)2
)
,

(27)

where the last step is via Lemma IV.2 and Lemma IV.3.

Lemma IV.5. For ρ, σ ∈ P(H) and ε ∈ (0, 1√
2
), we have

Dε
min(ρ‖σ) ≤ D2ε2

h (ρ‖σ)− log f(ε), (28)

where f(ε) =
(

1−
(
ε2
√

2 +
√

1− 2ε2
√

1− ε2
)2)

Proof. We choose ε′ =
√

1− 2ε2 in Lemma IV.4 to obtain

Dε
min(ρ‖σ) ≤ D

√
1−2ε2

max (ρ‖σ)− log f(ε). (29)

Note that choice of ε′ would not be possible without the tighter
triangle inequality. By [17, Theorem 4], we have for δ ∈ (0, 1)

D
√
δ

max(ρ‖σ) ≤ D1−δ
h (ρ‖σ)− log(1− δ). (30)

Combining the two results, we have

Dε
min(ρ‖σ) ≤ D

√
1−2ε2

max (ρ‖σ)− log f(ε) (31)

≤ D1−(
√

1−2ε2)2

h (ρ‖σ)− log f(ε)− log(2ε2) (32)

≤ D2ε2

h (ρ‖σ)− log(f(ε))− log 2ε2. (33)

Next, we recall the moderate deviation expansion for the
hypothesis testing relative entropy with i.i.d. states [3], [18].

Proposition IV.6. For any moderate sequence {an}, let εn =
e−a

2
nn. For states ρ � σ, the hypothesis testing relative

entropy scales as

1

n
Dεn

h

(
ρ⊗n‖σ⊗n

)
= D(ρ‖σ)−

√
2V (ρ‖σ)an + o (an) .

(34)
1

n
D1−εn

h

(
ρ⊗n‖σ⊗n

)
= D(ρ‖σ) +

√
2V (ρ‖σ)an + o (an) .

(35)

We now have the main technical result needed for our
moderate deviation analysis — an expansion for the partially
smoothed max-information of i.i.d. states in the moderate
deviation regime.

Proposition IV.7. Let εn = e−na
2
n for a moderate sequence

an. For a quantum state ρA1R ∈ S(A1R) we have that

1

n
Iεnmax(Ṙn;An1 )ρ⊗nA1R

= D(ρA1R‖ρA1
⊗ ρR)

+ an
√

4V (ρA1R‖ρA1
⊗ ρR) + o(an).

(36)

Proof. We start by showing that the LHS is upper bounded
by the RHS. We have

Iεnmax(Ṙn;An1 )ρ⊗nA1R
≤ I

εn
4

max(Rn;An1 )ρ⊗nA1R
+ log

8 + ( εn2 )2

( εn2 )2

(37)

≤ D
εn
4

max(ρ⊗nA1R
‖ρ⊗nA1

⊗ ρ⊗nR ) + log
8 + ( εn2 )2

( εn2 )2
(38)

≤ D1−( εn4 )2

h (ρ⊗nA1R
‖ρ⊗nA1

⊗ ρ⊗nR ) + log
8 + ( εn2 )2

( εn2 )2
(39)

≤ D1− ε
2
n

16

h (ρ⊗nA1R
‖ρ⊗nA1

⊗ ρ⊗nR ) + n · o(an) (40)

= nD(ρA1R‖ρA1 ⊗ ρR) + n · an
√

4V (ρA1R‖ρA1 ⊗ ρR)

+ n · o(an), (41)

where the first inequality follows from the approximate equiva-
lence of the smoothed max-information and partially smoothed
max-information [4, Theorem 2], the third inequality follows
from the bounds between the max relative entropy and the
hypothesis testing relative entropy [17, Theorem 4]) and the
last equality follows by Proposition IV.6. To prove the reverse
inequality, let ρ⊗nA1RR′

be a purification of ρ⊗nA1R
with R′ ∼=

A1R. For any ρ̃An1Rn ≈εn ρ⊗nA1R
, there exists a purification

ρ̃An1RnR′n ≈εn ρ
⊗n
A1RR′

. We have

Iεnmax(Ṙn;An1 )ρ⊗n = min
σAn1

min
ρ̃∈Bεn (ρ⊗n)

ρ̃Rn=ρ
⊗n
R

Dmax(ρ̃An1Rn‖ρ
⊗n
R ⊗ σAn1 )

(42)

≥ min
σAn1

min
ρ̃∈Bεn (ρ)

Dmax(ρ̃An1Rn‖ρ
⊗n
R ⊗ σAn1 ) (43)

= min
ρ̃∈Bεn (ρ)

Ĩ∞(ρ̃An1Rn‖ρ
⊗n
R ) (44)

= min
ρ̃∈Bεn (ρ)

−Ĩ 1
2
(ρ̃RnR′n‖(ρ⊗nR )−1) (45)

≥ min
ρ̃∈Bεn (ρ)

−D̃ 1
2
(ρ̃RnR′n‖(ρ⊗nR )−1 ⊗ ρ⊗nR′ ) (46)

= −Dεn
min(ρ⊗nRR′‖(ρ

⊗n
R )−1 ⊗ ρ⊗nR′ ) (47)

≥ −D2ε2n
h (ρ⊗nRR′‖(ρ

⊗n
R )−1 ⊗ ρ⊗nR′ ) + o(an) (48)

= −nD(ρRR′‖ρ−1
R ⊗ ρR′) + n · an

√
4V (ρRR′‖ρ−1

R ⊗ ρR′)
− n · o(an) (49)

= nD(ρA1R‖ρR ⊗ ρA1
) + n · an

√
4V (ρA1R‖ρR ⊗ ρA1

)

+ n · o(an), (50)

where the second inequality follows from relaxing the con-
straint on ρ̃, the second equality follows from the duality of
the sandwiched Rényi mutual information [10, Lemma 6],
the third inequality follows by choosing a ρ⊗nR′ instead of a
minimization, the fourth inequality follows due to Lemma
IV.5, the fourth equality due to Proposition IV.6, and the
final equality using duality of the relative entropy and relative
entropy variance [10, Lemma 6 & Eq. 3.15].

Proposition IV.7 is strengthened straightforwardly by noting
that constant multiplicative factors on the error εn do not affect
the moderate deviation analysis.
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Remark IV.8. Proposition IV.7 holds for 0 < ε′n < 1 where
ε′n = Θ(e−a

2
nn) for moderate sequence an. That is, we have

1

n
Iεnmax(Ṙn;An1 )ρ⊗n = D(ρA1R‖ρA1

⊗ ρR)

+ an
√

4V (ρA1R‖ρA1 ⊗ ρR) + o(an).
(51)

This holds because for all constants k > 0, kεn =

exp
(
−n
(
a2
n −

log k
n

))
= exp(−nb2n) for a moderate se-

quence bn = an + o(an).

Our main result Theorem IV.1 follows by combining Propo-
sition IV.7 and Theorem III.2 and using Remark IV.8.

V. EXTENSIONS

Quantum state merging can be understood as a time reversed
version of a quantum state splitting protocol [1]. Alice and Bob
start with a state ρABR, where Alice holds the A register, Bob
holds the B register and R is inaccessible. The goal is to use
pre-shared entanglement and one-way communication to send
the B register to Alice. Note that an equivalent statement to
that of Theorem III.2 holds for state merging [4, Theorem
6]. Hence, Theorem IV.1 also holds for state merging and we
may henceforth simply state that it applies to quantum state
transfer.

Another application of our results is the case where the A
register in Definition III.1 is trivial. State splitting in this case
is equivalent to entanglement-assisted source coding. To sim-
plify the cost function, we follow the classical definitions [19]
to define the quantum varentropy of states ρA ∈ S(A) as

V (A)ρ = Tr
(
ρ(log ρ)2

)
− S(A)2

ρ. (52)

Lemma V.1. For bipartite pure state ρAB ∈ S(AB) with
marginals ρA and ρB , the mutual information variance and
conditional entropy variance take the form

V (ρAB‖ρA ⊗ ρB) = 4V (A)ρ, V (ρAB‖IA ⊗ ρB) = V (A)ρ,
(53)

respectively.

Proof. From the definition of the relative entropy variance, we
have

V (ρAB‖ρA ⊗ ρB) = Tr
(
ρAB(log ρAB)2

)
+ Tr

(
ρA(log ρA)2

)
+ Tr

(
ρB(log ρB)2

)
+ 2Tr (ρAB log ρA ⊗ log ρB)

− 2Tr (ρAB log ρAB log ρA)− 2Tr (ρAB log ρAB log ρB)

−D(ρAB‖ρA ⊗ ρB)2 (54)

= Tr
(
ρA(log ρA)2

)
+ Tr

(
ρB(log ρB)2

)
+ 2Tr (ρAB log ρA ⊗ log ρB)− (S(A)ρ + S(B)ρ)

2 (55)
= 4V (A)ρ, (56)

where in the second equality we have removed various terms
which are zero due to ρAB being pure, and in the third
equality we have used that the marginals ρA and ρB share
the same eigenvalues and that Tr (ρAB log ρA ⊗ log ρB) =
Tr
(
ρA(log ρA)2

)
for pure ρAB . The last claim can be verified

by expanding the left hand side in the Schmidt basis of ρAB .
A similar argument shows the second equality.

Corollary V.2. The minimal quantum communication cost
of one-shot εn−error entanglement-assisted source coding of
ρ⊗nA1R

for ρA1R ∈ S(A1R) pure with εn = e−na
2
n for a

moderate sequence an is given as

1

n
q?εn(ρ⊗nA1R

) =S(A1)ρ + 2an

√
V (A1)ρ + o(an). (57)

Next, we show that this result also holds without the
presence of entanglement. For the case with no entanglement,
the converse proof in Proposition III.5 remains valid. For the
achievability we use the bounds shown in [15], for which the
error is quantified in terms of the fidelity. For our setting,
we modify their result so that source coding is εn−close in
purified distance. We get an εn−error state transfer protocol
for pure ρ⊗nA1R

with εn = e−a
2
nn for a moderate sequence an

with the quantum communication cost

1

n
q?εn(ρ⊗nA1R

) ≤ 1

n
H̄

ε′n
2
s (ρ⊗nA1

) = − 1

n
D

ε′n
2
s (ρ⊗nA1

‖IAn1 ) (58)

≤ − 1

n
D
ε′n/4
h (ρ⊗nA1

‖IAn1 )− 1

n
log

ε′n
4

(59)

= −D(ρA1
‖IA1

) + an
√

4V (ρA1
‖IA1

) + o(an) (60)

= D(ρA1R‖IA1 ⊗ ρR) + an
√

4V (ρA1R‖IA1 ⊗ ρR) + o(an)
(61)

= S(A1)ρ + 2an

√
V (A1)ρ + o(an), (62)

where ε′n = Θ(ε2
n). The first inequality is the bound [15,

Theorem 5.5 (ii)], the first equality is from the definition of
the information spectrum entropy, the second inequality is
from the bound between the hypothesis testing relative entropy
and the information spectrum relative entropy [15, Proposition
4.7], the second equality is due to Proposition IV.6 and Remark
IV.8, and the third equality is through the duality of the relative
entropy [10, Lemma 6] and Lemma V.1.

VI. CONCLUSION

We characterized the communication cost of state transfer in
the moderate deviation regime. We note that state transfer can
be seen as the underlying primitive of other tasks in quantum
information — such as channel simulation or noisy channel
coding. For example, one can use de Finetti reductions to
reduce the channel simulation problem to a state splitting ques-
tion [13], [20]. While asymptotic results are understood for this
setting, moderate deviation analysis for channel simulation is
a natural next application of our results.
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