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Hypothesis Testing

» Discriminate between two sequences of quantum states p,,, 0,
on H®" — null and alternative hypothesis — with errors

an(My) = Tr[p,(1 = Ma)] Type Lerror B, (M,) := Tr[0,M, ] Type 2 error
for two outcome POVM {M,, (1 = M,)}.

®n

» Symmetric setting for p,, = p®", 0, = 0®" with

an(M B,(M
& (p,0) = ——logog}nf ( ”(2 n) . ”(2 ”)) leads to

Quantum Chernoff Bound [Audenaert et al. 07]

E(p7 ) = hm En(p70) __logmlnr]}[ °0'" S]



Asymmetric Hypothesis Testing

» Same two type of errors a,(M,), B,(M,) and p, = p®", 0, = 0®"
but asymmetric setting with

1
£,n o .
D" (pllo) = ~~log inf {B,(Mn)]an (M) < €}
leads to asymptotic error exponent

Quantum Stein’s Lemma [Hiai & Petz 91, Ogawa & Nagaoka 10]

D(p[lo) := lim D" (pllo) = tx[p (log p - log o) |
= quantum relative entropy (independent of €)

» Main question: What happens for channel discrimination?



Channel Discrimination

» Adaptive protocols: After each invocation of the channel N4_g
or M,_., an (adaptive) channel AfgiRl__,A/_ is applied to the
registers B;and R;
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» Adaptive protocols help for finite rounds [Harrow et al. 10]



Channel Discrimination (continued)

» General strategy {Ag ¢ 4. ., } with intermediate states

Pgir = -/\[A,-—>B,-(pA,R,») and tgg = MA,—»B/(TA,-R,-) (set Tap = pAwRﬁ)

and final two outcome POVM {Qg,z,, 18,5, — Qs,r, } gives rise to
type | and type Il errors

a,({Q, A}) := Tr[ (1,8, = Q5,8,)Ps,5,]  Br({Q, A}) := Tr[Qs,5, Tk, |-

» Asymmetric setting in the sense of Stein
c 1 :
Dy (NIM) =~ log inf {B,({Q. AD]an ({0, A}) <}

with the asymptotic question

lim DY"(N|M) =7 andwiththat D(N|M):=7



Channel Discrimination (continued)

» For classical channels A/, M with trivial guantum memory R we
have for e € (0,1) that [Hayashi 09, Polyanski 09]

lim D2 (VM) = max DIN() ) [M(be) (x])) =: DV M).
= adaptive protocols are of no asymptotic help

Stein’s Lemma for Classical-Quantum Channels

For channels Nyog(+) = X{x] - POVE, Mxos(-) = (] - ) g we have
fore € (0,1) that

lim D7 (N M) = max D(Na-x ® Ze) (pp) | (Miax @ Zr) (012) )
= max D(Vp 1) =: DN M).



Proof Stein’s Lemma

» Achievability directly from Stein’s lemma for quantum states
» In the following converse proof for e — 0 (weak converse)

Measures of distinguishability:
» Channel relative entropy [Leditzky et al. 18]

DN M) := sup D(Na-s @ Zr) (P4r) [ (Mase ® Zr) (04r))

Par
» Amortized channel relative entropy

DAN M)
= sup D((Nasg ® Zg) (par) [ (Mase ® Zr)(04r)) — D(Parll04r)

PAr»,OAR



Proof Stein’s Lemma (continued)

» Weak converse quantum channel discrimination
h
oIy s L (A« 29

from monotonicity of quantum relative entropy under channels.

Classical-Quantum Amortization Collapse
For channels Nyog(+) = X{x - POVE, Mxos(-) = (] - X)ug we have

DAWN M) = maxD (V[ ) = DN | M).

» Proofis as follows.



Amortization Collapse DA(N | M) = max, D (V5] u5)

DN M) := sup D((Nis ® Zr) (pae) | (Mo ® Tr) (04¢)) = D(pyeloe)

PAROAR

We have DA(N || M) = D(VE|| %) for pae = 0ar = [X) (x4 ® |x){(x|5 and it
remains to show

DANM) < maxD(VE| t5).

Proof: By monotonicity of quantum relative entropy under channels
D(Nia=5(Pae) | Mans(04z)) = D(Pagllone)

<D (prva ® P[> Gt ® OE) -D (ZPx|X>(X|X ® Vi ® P

S g (X ®vi® 02)

<D (pr|x)(x|x ® Vi ® pp

S G @ 1 © )

fa(szwmxmg oo

S G 8 i ® )



Amortization Collapse DA(N | M) = max, D (V5] u5)

= pr( Tr [(vg ® py) log (g.vs ® o%) ] -Tr [ (Vi ® py) log (guus ® o) ])

= 32T [ (v @ 07) ((log v - log 15) @) |
= 2 PD(Va|Hz)
<maxD(Vs|u) O

» Converse proof fore € (0, 1) (strong converse) via standard
techniques together with classical-quantum amortization
collapse for channel Rényi divergences based on

Da(plo) = —logﬁ[(o‘%«“po‘i—ﬁ)a]



Conclusion

Take Home Message

Stein’s lemma for classical-quantum channels by showing that
adaptive protocols are of no help (strong converse exponent formula)

Unresolved quantum additivity questions:

» Stein’s lemma for general quantum channels remains open, do
adaptive protocols help?

» Chernoff bound and error exponent for classical channels
[Hayashi 09]

» Symmetric setting remains open even for classical-quantum
channels — but already for entanglement breaking channels
adaptive protocols help [Harrow et al. 10]
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