Quantum Computing CO484

Tutorial*

Sheet 4 - Questions

Exercise 1 Consider Grover’s algorithm (as in the lecture notes).

(i) Show that

219) (@] =D asla)) =) (~az +2(a)) |z)

where () = & Y, ag.

(ii) Explain why the operation 2 |1) (| — I in Grover’s algorithm is called
inversion about mean.

Exercise 2 Show that, in Grover’s algorithm, the action of 2 |¢) (| — 1 is
a reflection about |1).

Exercise 3 Show that if we change the computational basis so that |o) and
|T) are basis elements, then the matriz representation of the Grover’s trans-

form G will be;
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where 0/2 is the angle between |o) and [1)).

Exercise 4 * We have shown in the lecture that a quantum computer can
search N items, consulting the black box that can access the database and
tells you if an item is marked only O(\/ﬁ) times. We now prove that no
quantum algorithm can perform this task using fewer than Q(\/N ) accesses
to the black box. Suppose the algorithm starts in the state |¢). To determine
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the marked x we are allowed to apply a black box Q., which gives a phase
shift of —1 to the solution |z) and leaves all other states invariant, i.e.,

Qu = 1—2Ja) (.

We suppose the algorithm applies Q. exactly k-times, with unitary opera-
tions Uy, Us, ..., Uy interleaved between the black box operations. Define

|0k) = UpQaUk—1Qu .. . Ur1Qu |6) ,  |Pk) = UpUg—1...Urlg),

and let |¢o) = |¢). Our goal is then to bound the quantity
Dy =) ok — ol

(i) Show that Dy, < 4k2.
Hint: Do a proof by induction and employ the Cauchy-Schwarz in-
equality.

(i) Show that if the algorithm yields a solution with probability at least
one-half, i.e., [(x|¢)|? > 1/2 for all z, then Dy = Q(N).
Hint: Employ the Cauchy-Schwarz inequality.

(iii) Argue why this shows that Grover’s algorithm is optimal.

(iv) Discuss why this result is both exciting and disappointing.



