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Motivation

o Entropy of quantum states pa on Hilbert spaces H4 [von Neumann 27]:

H(A)p := —tr[palog pal

Entropy for multipartite quantum systems:
entanglement leads to non-commutativity

o Mathematical properties of quantum entropy from:
Strong subadditivity (SSA) [Lieb, Ruskai 73]
For tripartite quantum states pagc on Ha ® Hpg ® Hc we have
H(AB), + H(BC), > H(ABC), + H(B),

@ SSA is an essential tool in all of quantum information science since it gives
constraints on multipartite entanglement structure
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Motivation

o Understanding quantum entropy goes hand in hand with matrix trace
inequalities, e.g., for Hy, H, Hermitian

1
exp(Hi1) exp(H2) = exp(H1 + H2 + E[Hl’ Hy] +...) Baker-Campbell-Hausdorff

tr [exp(H1) exp(H2)] > tr [exp(H1 + H2)] Golden-Thompson

o Entropy for multipartite quantum systems requires multivariate trace inequalities:

SSA from Lieb's triple matrix inequality [Lieb 73]

For Hi, H>, H3 Hermitian we have

’ b ey s Pl ) S s dA = Hi+ Hs + H
/O r|:eXP( 1)‘5><F’(_""3)+>\eXp( 2)exp(—H?,)-i-A} > tr[exp(H1 + Ha + Hs3)]

e 1
commutative case: / — d\ = x
0o (x714X)
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Overview

Q From classical to quantum entropy

© Entropy inequalities

© Multivariate trace inequalities

o Proofs via complex interpolation theory
© Proof of entropy inequalities

© Outlook
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Entropy for classical systems
o Entropy of probability distribution P of random variable X over finite alphabet
[Shannon 48, Rényi 61]:

H(X)p := = P(x)log P(x) with P(x)log P(x) = 0 for P(x) =0
o Relative entropy of P with respect to distribution Q over finite alphabet,

D(PI@) =3 PL)og 5 P

) [Kullback, Leibler 51]

where P(x) log ggx)) =0 for P(x) = 0 and by continuity +o0 if P & Q.
o Multipartite entropy measures are generated through relative entropy, e.g., SSA:
H(XY)p + H(YZ)p > H(XYZ)p + H(Y)p equivalent to
D(nyzﬂUX X Pyz) > D(PXYHUX X Py) with Ux uniform distribution

o Monotonicity of relative entropy (MONO) under stochastic matrices N:

D(PIQ) = D(N(P)[IN(Q))
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Entropy for quantum systems

@ The entropy of pg € S(Ha) is defined as:
H(A), :== —tr[palogpa] = —Z)\X log Ax [von Neumann 27]
X

o Commutative relative entropy for p,o € S(H) defined as
Di(pllo) == sup D(M(p)lIM(c))  [Donald 86]

M € Qop(H — H') und Im(M) C M C Lin(H’), M commutative subalgebra.
P(x) .

@ Some alternative non-commutative extensions of D(P||Q) = >_, P(x) log QE);)'

D(pllo) == tr[p(logp —logo)] [Umegaki 62]
Dg(pllo) := tr [p log (p1/20_1p1/2)] [Belavkin, Staszewski 82]
e Monotonicity of relative entropy (MONO) for N € Qop(H — H'):
Dk (pllo) > Dk (N (p)IIN (o))

D(pllo) = DN (p)[A(0))  [Lindblad 75]
D (pllo) = De(N(p)IN () [Fujii, Kamei 89]
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Entropy for quantum systems

Quantum relative entropy
For p,0 € S(H) with p,o > 0 we have

D (pllo) < D(pllo) < Dg(pllo)  with equality if and only if [p, 0] = .

@ Access trough variational formulas (Legendre transformations):
Dk (pllo) = su>%tr [plogw] +1 —tr[ow] [Donald 86], [B., Fawzi, Tomamichel 17]
D(pllo) = su>%tr [plogw] + 1 — tr[exp (logo + logw)]  [Araki 73], [Petz 88]
Dg(pllo) = tr[plogw] + 1 — tr[o#w] forw := p/2c~1p'/2 [Ando, Hiai 94]

. 1/2 . .
with o#w = g1/2 (0*1/2wa*1/2) / o1/2 the matrix geometric mean.
o Golden-Thompson and complementary inequality

trlexp(My) exp(Mz)] > tr[exp(M1 + Mz)] > tr[exp(M1)# exp(M2)]
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Entropy for quantum systems
@ The right extension for applications is Umegaki's D(p||c), intuition comes from
the chain rule [Petz 92] with SSA:

H(AB), + H(BC), > H(ABC), + H(B), equivalent to
_1a
dim(Ha)

@ All known mathematical properties from MONO D(pl||o) > D(N(p)||N(c)):

D(paBcllTa ® pac) > D(pagllTa ® p) with 74 =

Equality conditions MONO [Petz 86]
Let p,0 € S(H) with p < o and N € Qop(H — H'). Then, we have

D(pllo) — DN (p)IIN (o)) =0
if and only if there exists R, a7 € Qop(H' — #H) such that
RoNOoN(p)=p und RynoN(oc)=o0.

The quantum operation R, ar is not unique but can be chosen independent of p.



Imperial College
London

Entropy inequalities

Strong monotonicity (sSMONO) [many recent references]
For the same premises we have D(p||c) — D(N(p)|IN (o)) > (1), (2), (3) for
/Bo(t log F (p R[t] o./\/(p)) dt [Junge, Renner, Sutter, Wilde, Winter 15]

(2) := Dk (/) H/ ;‘lo(t)RE]d,\,. o N(p) dt) [Sutter, B., Tomamichel 16]

(3) = limsup - 'p (

n— oo

Bo(t) (thl o,/\/(p))®ndt) [B., Brandso, Hirche 17]
with the probability distribution Bo(t) := 7 (cosh(rt) + 1)7!
(v

o We have D(p||o) > Dk(p|lo) > —log F(p, o) but the regularization in (3) is
needed [Fawzi? 17], leading to incomparable bounds [B., Brand3o, Hirche 17].

R () = o F W

)*%> o7 € Qop(H' — H)
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Entropy inequalities

@ Special case of quantum Markov chains A— B — C:

Strong SSA (sSSA) [same references]

For pagc € S(Ha ® Hp ® Hc) we have for the quantum conditional mutual
information (CQMI)

I(A: C|B), := H(AB), + H(BC), — H(ABC), — H(B),

> Dk (PABC /ﬁo(f) (ZA ® RE]_)BC) (paB) df)

with

Rl (~)':p%ft p_lytc)p_l%t ©1c)pil €Q (Hs — He @ Hc)
B—BC\') - BC B B C ) Ppc op(7iB B c)-

(Moreover, we have the analogue fidelity and quantum relative entropy bounds.)

@ Proofs of weaker versions of sSSA [Fawzi, Renner 15] + [many references] =
matrix analysis will give tight bounds (all previous work superseded).
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Entropy inequalities

@ Proof SSA: Following [Lieb, Ruskai 73] we have with Klein's inequality

I(A: C|B)p = D (pascllexp (log pas — log ps + log pac))
> tr[papc — exp (log pa — log ps + log pac)]

and we could conclude SSA if tr[exp(log pag — log pg + log pec)] < 1. However,
just take Lieb's triple matrix inequality

o0 1 1
tr [exp(log M1 + log M + log M3)] < / tr | Mp —— 3 ——
0 Myt x T My A

with My 1= pag, Ma := pgl, Ms := ppc, and use [T dAx(x"1+XA)"2=1. O
@ Proof sSSA: Start with the variational formula

dA

I(A: C|B), = D(pacllexp (log pa — log pg + log psc))

sup otr [pasc logwapc] + 1 — tr [exp (log pag — log pg + log pac + logwasc)]
WABC >

but now four matrix extension of Golden-Thompson inequality needed?
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Multivariate trace inequalities

o Golden-Thompson tr [exp(H1 + H>)] < tr [exp(Hi1) exp(H2)] to multivariate:
Multivariate Golden-Thompson [Sutter, B., Tomamichel 16]
For {Hx}7_, Hermitian, p > 1, and Bo(t) := g (cosh(nt) + 1)_1 we have

w(iwj

k=1

log

< /50(1“) log

[T exe ((1 + it)Hy)
k=1

dt.
P

The same even holds for any unitarily invariant norm ||-||| as subsequently shown in
[Hiai, Koenig, Tomamichel 17].
@ For n =3 and p = 2 this relaxes to (Jensen's inequality)
tr [exp(Hh + Ho + Hs)]
14t 1—it
< /Bo(t)tr {exp(Hl)exp(THz) exp(Hs) exp( 5

)| ae

which becomes Lieb's bound [ tr [exp(Hﬂm exp(HQW] dA.
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Multivariate trace inequalities

o Lie-Trotter expansion exp (3>_7_; log Px) = lim, o |[T5_; P,£|1/r:

Multivariate Araki-Lieb-Thirring [Sutter, B., Tomamichel 16]

For {My}{_; positive, r € (0,1], p > 1, and §,(t) := % we have
n 1/r n .
tog ||| TT M < / B,(t)log | [ M| dr.
k=1 k=1 o
P
The same holds for any unitarily invariant norm ||-||| [Hiai, Koenig, Tomamichel 17].

o L'Hopital’s rule yields another multivariate extension:
Multivariate Logarithmic Hiai-Petz [Sutter, B., Tomamichel 17]
For {My}{_; positive and p > 0 we have (equality in the limit p — 0)

p(1+it)

n 1 P P pA—it)

> tr [My log My] > f/ﬁo(t)tr [I\/h log (M,, L MZMPMR M, 2 )] dt.
p

k=1
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Proofs via complex interpolation theory

e Matrix analysis: [Epstein 73], [Kosaki 97]. QIT: [Beigi 13], [Dupuis 15], [Wilde
15], [Junge, Renner, Sutter, Wilde, Winter 15], [Dupuis, Wilde 16].

Strong Hadamard three line theorem [Hirschman 53]

Let S:={z€ C:0<Re(z) <1}, g:S — C be uniformly bounded on S, holomorph

in the interior of S, and continous on the boundary. Then, we have for r € (0,1) with
sin(7r)

Br(t) := Tr{osh(r ) Teosm)) that:
loglg(r)| < [ (B1-r(e) g (i)~ + 8:(0) oglg(1 + ie)") de
< sup log |g(it)|*~" + sup log |g(1 + it)|"
o For G(z) matrix valued uniformly bounded holomorphic function we have [Stein]:
08 16(1)ll < [ dt (81 () log |G(ie)I5" + Bi(0)log | G(1 + ),

@ Proof: For r € (0,1) let u,v € C? be normalized s.t. ||G(r)|lco = (u, G(r)v) and
hence for g(z) := (u, G(z)v) we get |g(z)| < ||G(2)]|so for all z € S. O
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Proofs via complex interpolation theory

e Multivariate Araki-Lieb-Thirring for [||-|| = || - |lcc with r € (0,1] and My > 0:

n 1/ n i
H M,C H M;Jr/t
k=1 k=1

@ Proof: Apply Stein-Hirschman

log dt

| < / B (1) log

oo

08 1G(r)lc < [ dt (51 (D) 1og | GLie)|A" + 6 (1) log | G(1 + D)2, )

for the function

n n

G(z) := H M; = Hexp(z log M)
k=1 k=1

and since My > 0, Mjt becomes unitary, and hence log|-|LS" =0. O

o General case for unitarily invariant norms via anti-symmetric tensor product (or
for Schatten p-norms with more general Stein-Hirschman interpolation).

o Multivariate Golden-Thompson from Lie-Trotter expansion.
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Proof of entropy inequalities

@ For the proof of sSSA we choose n =4, ||| = ||

- ||2 and we get for
My, Ma, M3, My > 0 (Lieb’s triple matrix inequality corresponds to n = 3)

4 g 1t 1-it 1t
tr |:exp (Z log M,')} < / Bo(t)tr {I\/Ill\/l 2 M M4M3 2 M,?
i=1

@ Choose My := wapc, M2 := pgc, M3 := pEl, My = pag and thus

dt

(A:C|B)p = D(pascllexp (log pas — log ps + log psc))

sup tr[pagclogwapgc] +1 — tr[exp (log pag — log pp + log ppc + logwapc)]
wapc >0
>

14t 1+4it 1=t 1+it
sup tr[pagc logwasc] +1— /ﬁo(t)tr [
wapc >0

WABCPRE Pg ° PABPg © Pge |dt
1+it  _ 1+4it
> Dk (PABC

_1—it 14t
dt Bo(t)pg pg 2 pasPg ° pBé) O

o All known sSSA/sMONO bounds follow from multivariate Golden-Thompson
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Conclusion

@ Strengthened entropy inequalities sSSSA/sMONO through multivariate matrix
trace inequalities from complex interpolation theory

o Different representation of integral in, e.g.,

. {exp (Z H,.>

as explored in [Lemm 17], [Garg, Lee, Song, Srivastava 17]:

/ﬁo(t)---dt Vs. /Ooo---d)\ Vs. %/j:;d;;(qﬁ)

e Multivariate matrix analysis? Complementary trace inequalities [Hiai, Petz 08]:

1—it

H2) dt

< /50(t)tr {exp(HI)exp(l%itHg)exp(HQexp(

trfexp(My) exp(Ma)] > tr [exp(My + My)] > trlexp(M1)# exp(My)]

= development in MathPhys, e.g., [Carlen, Lieb 17], [Carlen, Vershynina 17].

o Virtually any (mathematical) property of quantum entropy follows from
n-extension of Golden-Thompson inequality!
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Outlook — novel quantum entropy inequalities?

o From [Christandl, Brand3o, Yard 11] + [Li, Winter 14] we have

I(A: C|B), > inf D ith
( [B)p 2 esimiac Locc(n)(paclloac)  wi

the local operation and classical communication measured relative entropy
Droccuylpaclloac) = sup  D(M(pac)lM(cac))
MELOCC(1)
= no direct relation/proof [Christandl 15] + extensions conjectured [Branddo 17].

o Entropy inequalities in the other direction — upper bounds on CQMI?
o Non-Shannon type information inequalities for entropy cone [Pippenger 03]:

3H(AB), + H(AC),+3H(AD), + 3H(BD), + H(CD),
> 2H(A), + 4H(ABD), + H(ACD), + H(B), + 2H(D),.

@ Quantum information science [references]:
novel constraints on multipartite
entanglement structure
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