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Noisy channel coding
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i € [k] —» {e(a:|z')}x€X

Encoder Decoder

e @Given noisy channel Wx_,y mapping X to Y with transition probability:
Wxoy (ylz) V(z,y) € X XY

* The goalis to send £ different messages using W while minimizing the error
probability for decoding:

o o 1 . . wp . . . 13
Psucc (W, k) = SIS o Z Wx_y (y|lx)e(z]i)d(i|y) bilinear optimisation

x?y7z

subject to Ze(:c|z) =1 Vielk|, Zd(z|y) =1 VyeyYy

0<e(zli)<1 Y(z,9)€Xx[k], 0<diy) <1 V(i,y) elk]xY.



Noisy channel coding

1
Psuce(W, k) izmaéi,flr)lize EZWX%Y(?JW)@@’?;)CZ(Z"?J) > € »<I/I>—> d P

x7y71‘

subject to  » e(zli) =1 Vie€[k], ) d(ily)=1 VyeY

X

0<e(zi) <1 ¥Y(z,i)e X x[k], 0<d@ly)<1 V(,y)e[k]xY.

compared to

Shannon’s asymptotic independent and identical distributed (iid) channel capacity:

Definition: C(W) := sup {R ‘ V8 >0: lm peuee (W™, [R(1—8)]") = 1}

n—oo

Answer:  C(W) =maxI(X :Y) mutual information — e

Encoder Decoder



Noisy channel coding

1
Psuce(W, k) szaéi,%lize %ZWX%Y(?JW)@@’?;M(Z"?J) > € »<I/I>—> d P

x7y7z

subject to ) e(zli)=1 Vie[k], Y dily)=1 VyeY

X

0<e(x]i) <1 V(x,i)e X x[k], 0<d(ily) <1 V(i,y)€lk]xY.

compared to

e Shammegs asymptotic independent and identical distributed (iid) channeledpacity:

Definition: C(W) := Sup{R VRO 0 lim peuee (WX, [R(1 — 347 :1}

71— 00

Answer:  C(W) = max (X : Y) mutua ST ITING — (1)

Encod® Decoder



Quantum-assisted channel coding
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Encoder : : Decoder

‘quantum bilinear optimisation”

1
Dinee W k) 1= maximize g; Wx Sy (ylz) (W] E(z]i) @ D(i|y)|¥)

subject to Y E(z|i) =1y Vi€[k], Y D(ily)=1y VyeyY

0 < E(zli) <1y V(z,i) € X x [k], 0< D(ily) <1y V(i,y) € [k] x V.



Quantum-assisted channel coding

: ) e HOH :
Encoder - : Decoder

T ‘quantum bilinear optimisation”
@ WEali)  DGlyY)
(H,¢,E,D)

U

 Scalar (Commutatlve)v\e\&us matrix (non-commutative) variables:

\(c:d)/!

e Unknown if Pl (W, k)is computable



Quantum-assisted channel coding

Psuce (W, k) versus  pl...(W, k)

e Understand the possible separation:

o FOrtmeasyaedadic iid capacity quantum assistance does nathehes
C(W) = C*(W)_[Benneti-et=st=RT1009)]
 In general, there is a separation:
9 2—1/2
(1/3 1/3 0 0\ Peuce(Z,2) = 0 ~ 0833 vs. pE(Z2,2) > 2 ~ 0.902
0 0 1/3 1/3 6
1/3 0 1/3 0 [Prevedel et al., PRL (201 1)]
2= 0 1/3 0 1/3
13 0 0 1/3 —> this is also optimal with two-dimensional assistance
\ o 1/3 1/3 0 ) [Hemenway et al., PRA (2013)]

However( [0.902, 1] 3 pg..(Z, 29

[Williams and Bourdon, arXiv:1109.1029]

We give a converging hierarchy of semidefinite programming (sdp) relaxations:

pSUCC(W7 k) S p:ucc(W7 k) — Sdpoo(W7 k) S e S Sdpl(W7 k)



First level sdp relaxation

* Quantum bilinear program:

1
Dinee W, E) = maximize g Wx Sy (y]z) (| E(z]i) @ D(ily)|)

subject to ZE(Q:\@) =1y Vielk], ZD(z]y) =1y VyeVY

0< E(x|i) <1y V(z,i)e X x[k], 0<D(ily) <1yV(i,y) €kl xY.



First level sdp relaxation

* Quantum bilinear program: idea: relaxation of this bilinear form

(1B (zli) ® Dyl @@:m D))
with| DY, 5)] =0

 First step: see %epart/m‘ the upper-right block of the Gram matrix

0= S WXl witn X, ={ e =
v for i=jf

0 ( (Y|E(a]i) - B('[i")y) < w_\_f?_@_\g_)__;_z?,.(y,u%@?)
(W E('[") - D)) D)= 177) ] 1)

« QOriginal constraints can be formulated as positivity conditions on Q : sdp, (W, k)

motivated by: “NPA hierarchy” (for polynomial optimization, study of Bell inequalities)

[Lasserre, SIAM (2001)], [Parrilo, Math. Program. (2003)], [Navascues et al., PRL (2007)],
[Doherty et al., IEEE CCC (2008)], [Navascues et al., NJP (2008)], [Pironio et al., SIAM (2010)]



First level sdp relaxation

e First level relaxation: psuceW, k) < plicc (W, k) < sdpy (W, k)

. 1
Sdpl(W, k) = maxslzmlze E Z WX—>Y(y|$)Q(z',a;),(z',y)

x7y77’

subject to Q € Pos(1 + k| X| + k|Y)



First level sdp relaxation

e First level relaxation: ‘psucc(W, k) < pto.( W, k) <sdp, (W, k) <lp; (W, k) < const - psucc(W, k)

[Barman and Fawzi, Proc. IEEE ISIT (2016)]

- 1
sdp, (W, k) = maximize - Z Wx oy (y2)Q,0), (i)
r,y,1

subject to Q € Pos(1 + k| X| +k|Y]), Qpg=1 with () the empty symbol
new condition —> C Quw > 0 )Vu,v € X x [K]UY x [k] U {0}
> Qo) =Qup Vielk],weX x[kUY x [k U{0}

> Qi) = YWEY,weX x KUY x [k]U{0}.

* (Going back to odir example: (7 2) = g ~ 0.833

/1/3 /3 0 0 . (7N 2 +271/2 0.902 (known before, with two-
1/3 1/3 | Prnce(£:2) 2 3 e dimensional assistance)
1/3 1/3 0 '

o 0173 Relaxation: pZ,..(Z,2) < sdp,(Z,2) =~ 0.908 ! - !
° ; ,2) <s . 2) =~ 0. _ 4

1/3 0 1/3 Psucc P1 NG

\ o/ 1/3 1/3 0 L1
2 V6

, * Four-dimensional assistance: pZ,..(Z,2) >
(NFA first level gnd non-
sign ounds are one)



Quantum bilinear optimization

Quantum-assisted channel coding:

1
P W) s= e 37 W (o) WlE(eli) @ Dl

subject to Y E(ali) =1y Vielk], » D(ily)=1y VyeyY

0< E(z|i) <1y V(z,i) e X x[k], 0<D(ily) <1yV(i,y)e[k] xY.

General form:

“|A, G, K| := maximize A, E.D
p*[4,0,K] := maximize 2; 8{¥1EaDplt))

subject to  [E,,Dg] =0 V(a,B) € [N] x [M]
g(El,...,EN)ZO Vg e g
k’(Dl,,DM)ZO Vk € IC.

where: (i) Hilbert space H with ¢ € H, |[¢| =1
(i) Hermitian bounded operators Eq, Dg € B(H)

(iii) sets of affine constraints G := {g(z1,...,2n)} and K := {k(y1, . ..

ym)}



Quantum bilinear optimization

Sdpl [A g IC] = maxggnlze ZAa BQ(O{) (B)

subject to Q1 € Pos(1+ N+ M)

Q%}@ — 1
@j and k'K’ - N+ M
conditions different from Z A f Q(%) (7) >0) v/, f cGUKU {fz " 1}
1,7=0

NFA hierarchy

* First level sdp of NPKX hierarchy:

sdp, [4, G, K] = fhaximize ZA 0.8

subject to Ql € Pos(1+ N+ M)
51
Q@)@ — 1

conditions from higher Z f’iflli) 0 =>0)VfeGUKU{f, :=1}.
levels in NPA hierarchy i=0




Quantum bilinear optimization

 C(Central idea: considering higher order products of the variables X, leads to
more positivity constraints

« Second level sdpy|A, G, K] from positive constraints on the larger matrix:

* . EOé U=«
0 = Y (X X)) X Xon firu)oreal with] X, ={ F2 0

U1U2V1V2

Asymptotically convergent sdp hierarchy

p*(A,G,K)= lim sdp,(A4,G,K)

n—oo

« Additional constraints compared to NPA hierarchy important for some
applications and lead to natural properties of the sdp relaxations
(analytically / numerically)



Conclusion

 (Improved) sdp outer hierarchy for bounding quantum advantage:

(i) Quantum-assisted channel coding

(i) Quantum value of two-prover games

—> first level in independent work [Sikora and Varvitsiotis, Math. Program. (2016)]

(iif) Upper bound the power of quantum adversaries in cryptography

—> cf. [B. et al., IEEE Trans. on Information Theory (2017)]

(iv) Outer hierarchy for completely positive semi-definite cone: guantum
graph parameters, zero-error quantum information theory, etc.

—> see [Laurent and Piovesan, SIAM Journal on Optimization (2015)]

e Fully quantum problems? Omar this morning.



